CONTROVERSY ABOUT QUANTUM TIME DECAY 
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In the recent physics literature there have appeared contradictory statements concerning 
the behaviour of scattering solutions of the 3-dimensional Schrodinger equation at large 
times. We clarify the situation and point out that the issue was rigorously resolved in the 
mathematics literature. 



In their papers [1] and [2], Garcfa-Calderon, Mateos and Moshinsky considered the 
nonescape probability P(t) to find a quantum particle, subject to a potential of finite 
range, still confined in some given finite spatial region at a large time t. They claim that 
P(t) ~ t -1 as t — > oo. On the other hand Muga, Delgado and Snider in [3] and Cavalcanti 
in a Comment on [1] (see [4]) obtain a decay of P(t) as t .In their Reply [5] to this 
Comment the authors of [1] reassert that P(t) ~ t~ X . 

The authors cited above seem to be unaware of the fact that, about two decades ago, 
the question of time decay of solutions of the Schrodinger equation was studied in consid- 
erable detail by mathematicians (some relevant references are [6,7] for the 3-dimensional 
case and [8] for the n-dimensional case, n = 1, 2, 3, . . .). The results of these papers clearly 
imply that P(t) ~ t (see e.g. §4 of [6], Theorems 10.3-10.5 in [7] or Theorem 7.6 and 
Example 7.8 in [8]). More precisely, for a large class of potentials in 1 or 3 dimensions, 
one has P(t) = 0(t ) except possibly for a discrete set of values of the coupling constant 
(essentially, these exceptional values of the coupling constant are those for which there 
is a zero energy resonance, and in such a situation the asymptotics of P(t) may be only 
0(t -1 )). For generic values of the coupling constant the t decay of P(t) holds for any 
bounded spatial domain and any wave packet \1/ such that \l/(x,0) (the initial wave func- 
tion at time t = 0) has no bound state components and decays sufficiently rapidly at large 
\x\ (for example, if n = 3, such that /^(l + |x|) 2s |\l/(x, 0) \ 2 d 3 x < oo for some s > 5/2 ). 
For various initial states \1/ the decay of P{t) will be faster than t (several terms in Eq. 
(7.25) of [8], when applied to may be zero). 

In the case of s-wave states as considered in [1], the nonescape probability for a ball 
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B R of radius R (i.e. B R = {x G R \\x\ = r < R} ) is given as follows (see Eqs. (2) and 
(3)of[l]): 

pR pR pR pR 

P(t)= ^*{r,t)y(r,t)dr= dr dr' ' g* (r, r '; t)V* (r ', 0)/ dr"g(r, r"; £)*(r", 0) , 
Jo Jo Jo Jo 

where g(r, r'; t) denotes the time-dependent retarded Green's function. To calculate P(t) 
the authors of [1] express the Green's function g(r,r';t) as an infinite sum of resonant 
state functions and freely interchange the order of integrations and summations. In the 
absence of a justification for these interchanges, the expression (14) for P(t) given in [1] 
(identical with (2.41) in [2]) can not be considered to be exact (in [1] and in the Reply [5], 
the incorrect time decay P(t) ~ t~ x is obtained as a consequence of Eq. (14)). It should 
also be mentioned that all calculations have to be done for a fixed (possibly large) value of 
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the time parameter t; the argumentation presented in [5] - invoking an interchange of the 
long time limit and the integration over the variable r - is beside the point. 

The author thanks J.G. Muga for drawing his attention to the disagreement on time 
decay and for discussions. 

References 

[1] G. Garcia-Calderon, J.L. Mateos and M. Moshinsky, Phys. Rev. Lett. 74, 337 (1995). 
[2] G. Garcia-Calderon, J.L. Mateos and M. Moshinsky, Ann. of Physics 249, 430 (1996). 
[3] J.G. Muga, V. Delgado and R.F. Snider, Phys. Rev. B52 16381 (1995). 
[4] R.M. Cavalcanti, Phys. Rev. Lett. 80, 4353 (1998). 

[5] G.Garcfa-Calderon, J.L.Mateos and M.Moshinsky, Phys. Rev. Lett. 80, 4354 (1998). 

[6] J. Rauch, Comm. Math. Phys. 61, 149 (1978). 

[7] A. Jensen and T. Kato, Duke Math. J. 46, 583 (1979). 

[8] M. Murata, J. Funct. Anal. 49, 10 (1982). 



2 



